Abstract. We characterize the boundedness and compactness of a weighted composition operator on the Fock space. Our results use a certain integral transform. We also estimate the essential norm of a weighted compositon operator. The result could be extended to the higher-dimensional case.
Introduction
Throughout this paper, let dA denote the usual Lebesgue measure on C. The Fock space F 2 is the space of all entire functions f on C for which The reproducing kernel function for F 2 is given by K(z, w) = exp z,w 2 (see [5] ).
We also use the normalized kernel function k w (z) = exp z,w 2 − |w| 2 4 . Many authors have studied various concrete operators on the Fock space. For these studies, refer to [1, 2, 4, 5, 8, 10, 11] . In this paper, our object is the weighted composition operator on F 2 . Let ϕ and u be entire functions on C. The weighted composition operator uC ϕ is defined by uC ϕ f = u · (f • ϕ) for an entire function f . The purpose of this paper is to characterize the boundedness and the compactness of uC ϕ . Our results will be expressed in terms of the integral transform
The following two theorems are our main results. 
Proofs of the main theorems
In order to prove our results, we need several lemmas. In this section, let ϕ be an entire function and u ∈ F 2 . The following lemma appears in [6, 7] . However, we give another proof. Our proof is simpler than the proof in [7] and remains valid in the higher-dimensional case.
Lemma 1.
There is a positive constant C such that for each entire function f and z ∈ C,
where
Proof. Since |f | 2 is subharmonic, we have
for all r > 0. Multiplying both sides by 2πre
2 and integrating with respect to r from 0 to 1 give
, we see that
, it follows from (1) and a change of variable that
The proof is complete.
Lemma 2. Define the positive measure µ by
where E is a Borel subset of C. Then
for all w ∈ C.
Proof. For each z ∈ D(w, 1), we see that
Hence we get
By the definitions of the measure µ and the integral operator B ϕ (|u| 2 ), we see that
So we obtain the desired inequality.
Proof of Theorem 1. First, we suppose that uC ϕ is bounded on F 2 . Thus we have
F 2 = C, for some constant C > 0 and all w ∈ C. The formula for the normalized kernel function k w shows that uC ϕ k w 2 F 2 = B ϕ (|u| 2 )(w), and so B ϕ (|u| 2 )(w) ≤ C for all w ∈ C. This implies that B ϕ (|u| 2 ) ∈ L ∞ (C). Next, we prove the other direction. By the definition of the measure µ, we obtain
It follows from Lemma 1 that 
This implies that uC ϕ is bounded on F 2 .
For an entire function
Moreover, the following lemma holds.
Lemma 3.
For each entire function f and w ∈ C,
Proof. The orthogonality of w k shows that
Proof of Theorem 2. First we prove the lower estimate. Take a compact operator K on F 2 . Since k w → 0 weakly as |w| → ∞, we see Kk w F 2 → 0 as |w| → ∞. Therefore,
Next, we prove the upper estimate. Take f ∈ F 2 with f F 2 ≤ 1. Using the same argument as in the proof of Theorem 1, we get
for fixed r > 0. Since R n f F 2 ≤ 1, we see that
By Lemma 3, we have
Hence, taking the supremum over entire functions f with f F 2 ≤ 1, and letting n → ∞ in (3), we obtain This completes the proof.
Remark. The N -dimensional Fock space F 2 (C N ) is defined by 
